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Abstract. In this paper the moduli space of Higgs pairs over a fixed 
smooth projective curve with extra formal data is defined and it is en- 
dowed with a scheme structure. We introduce a relative version of the 
Krichever map using a fibration of Sato Grassmannians and show that 
this map is injective. This fact and the characterization of the points 
of the image of the Krichever map allow us to prove that this mod- 
uli space is a closed subscheme of the product of the moduli of vector 
bundles (with formal extra data) and a formal anologue of the Hitchin 
base. This characterization also provide us the method to compute ex- 
plicitely KP-type equations which describe the moduli space of Higgs 
pairs. Finally, for the case where the spectral cover is totally ramified 
at a fixed point of the curve, these equations are given in terms of the 
characteristic coefficients of the Higgs field. 



1. Introduction. 

In 1988, Professor Hitchin studied ([!]) the symplectic geometry of the 
cotangent space T*Ux to the moduli space Ux of vector bundles over a 
compact Riemann surface X, its points led him to introduce a new and 
nowadays relevant concept: the notion of Higgs pairs. From the point of 
view of the Sympletic Geometry, the map from T* Ux to an affine space of 
global sections (now called Hitchin map) turned out to be an algebraically 
completely integrable Hamiltonian system, fact that translates in Algebraic 
Geometry by saying that the fibers of the Hitchin map are Jacobians of a 
special curve covering X (the spectral curve). As the author says in [5], 
one question is left: how to realize the Hamiltonian differential equations in 
some concrete way? 

Bearing in mind this question, Li and Mulase have partially solved the 
problem in [B] using techniques of infinite integrable systems. They used 
the infinite Sato Grassmannian as a space of solutions for the KP system 
(|12j) and have answered the question of how to recover the Hitchin system 
from the KP system in the case for which the spectral cover is not rami- 
fied. At the same period and with similar tools (Krichever morphism, Sato 
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Grassmannian, ...), Donagi and Markman have also studied this topic in 
[3] with full generallity, they have shown certain compatibility for KP flows 
concerning spectral data coming from Higgs pairs on X. As far as we know, 
concrete equations describing this moduli space (and allowing ramification 
in the spectral cover) remains to be given. In this paper we try to solve this 
question. 

The paper is organized as follows. In section 2 few words about the clas- 
sical correspondence between Higgs pairs and line bundles over the spectral 
curve are said. Section 3 is devoted to the study of the Krichever map for the 
moduli space of Higgs pairs with extra formal data, TCiggs x . For this goal, 
an alternative method to that of [6] and [3] is proposed: to use a fibration of 
infinite Sato Grassmannians (over a formal analogue A of the Hitchin base) 
and generalize the Krichever morphism. Theorem 13.91 proves that 7iiggs x 
is representable. Theorem 13.121 shows that the Krichever map is inyective. 
This fact, combined with the characterization of the image of the Krichever 
map (theorem !3.17p allow us to give the first main result: Tiiggs x is a closed 
subscheme of U x x A (theorem 13.181 where U x is the moduli scheme of vec- 
tor bundles over X with formal extra data). Section 4 gives the spectral 
construction for the above topics defining a relative Grassmannian. Finally, 
in section 5 the sencond main result is given, theorem 15.221 provides con- 
crete KP-type equations describing 7iiggs x in terms of bilinear identities of 
Baker-Akhiezer functions and, for the connected component of 7iiggs x on 
which the spectral cover is totally ramified, equations are explicitely com- 
puted in terms of the characteristic coefficients of the Higgs field (theorem 

EM- 

2. Preliminaries. 

Denote Ux the moduli stack of rank n vector bundles over a projective, 
smooth curve X of genus g. Recall that a Higgs pair on X consists of a 
vector bundle E € Ux and a morphism of sheaves of Ox -modules: 

ip : E — > E ® u>x ■ 

It is known ([3]): 

T* E U X ^ H°(X, Snd x E®uj x )- 

and therefore, the cotangent space to Ux parametrizes Higgs pairs on X. 
A remarkable fact is the existence of the Hitchin map: 

H: T*U ^®f =1 B°(X,uJx) 
(E, ip) i-> ch(v?) 

where 

ch(p) = (Tr(^),Tr(AV),..-,Tr(A») 

are the characteristic coefficients of (p. 

Another relevant issue is the spectral construction, whose importance lies 
on the fact that, for a generic s = (s±, . . . , s n ) G ©f =1 H°(X, uj x ), the points 
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of H~ 1 (s) corresponds to line bundles on the so called spectral curve X s . We 
briefely describe its definition Consider the cotangent bundle: 

T*X := SpecS'cu^ 1 

where S'uj^ 1 is the sheaf of symmetric algebras on X. Let I s be the sheaf 
of ideals of S'oj x 1 generated by the image of: 

£ •-»• (£ <g> s n , £ fg) s n -i, . . . , £ <g> si, £, 0, 0, . . . ) 

The quotient S*uj x 1 /I s is a sheaf of Ox-algebras and the spectral curve is 
defined as the zeros of X s in T* X, that is: 

X s := SpeciS'o/^V^s 

The map: 

vr : X s -> X 

is a finite covering of degree n, where n is the rank of E and for generic s, 
X s is non singular. 

The bijection between J(X S ) and i^ _1 (s) (where we denote the Jacobian 
of X s by 3(X S )) is the following: 

We can think of the Higgs field <p as a morphism: 

uox 1 £ ® 
equivalentely, as a morphism of Ox -algebras 

S'uJx 1 ^ E®E* . 

Hamilton- Cay ley theorem implies that this morphism factorizes by Ox s = 
S'uj^ 1 /I s if and only if ch(</?) = s. So given a point in H~ 1 (s), that is, 
given (E,(p) such that ch^) = s, E can be thought as a line bundle L on 
X s (assuming smoothness) and 7r*L ^ E?. The converse is analogous. 

3. Moduli of Higgs pairs with extra formal data. 



We will work over the field of complex numbers and will denote it by k. 
We will assume as fixed, once and for all, the following data: 

• X smooth, projective, integral curve over k. 

• x e^X. 

• t: Ox,x ^ k[[z]] a formal trivialization of J at x. 
We want to consider a moduli problem parametrising: 

• A rank n vector bundle on X, E. 

• A Higgs field ip: E — ► E ® uj . 

• A formal trivialization of E on x, i.e. cf>: E x ^ O x n x 

We will see that certain compatibility between cp and (p have to be imposed. 

Definition 3.1. We call formal Higgs field to the morphism of sheaves of 
Ox,a;-iriodules: 

<p: E X ^E X ® 

induced by the completion along x. The coefficients a, of the characteristic 
polynomial p$(T) of (p lie on ~H°(X x ,Q x l x ). 
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Since X is smooh, the dualising sheaf ujx is a line bundle and formal 
trivialization t induces a formal trivialization of at x: 



(3.1) 



dt: Qx,x ^ k[[z]]dz 



(we will forget about the generator dz). Then, the coefficients of the poly- 
nomial p^(T) lies on fe[[-z]]. Let us now introduce a £;-scheme parametrising 
these coefficients. 

Let A 00 be the infinite dimensional affine group scheme over k with the 
addition group law, that is ([21 Def. 4.13]): 



Spec lim k[yo, 
i 



,yi\ 



Spec % , 2/1, ■■■ [ 



Let R be a /c-algebra. The correspondence: 

so + siz + • • • G R[[z}] «-> (s , si, . . . ) G A°°(R) 
gives the following: 

Proposition 3.2. The functor, k[[z]], that associates to each k-algebra R 
the ring of formal power series R[[z]], is representable by A°°. 

Proposition 3.3. The functor on the category of k-schemes defined by: 
is representable by the k-scheme A = (A 00 )™. 

Remark 3.4. We will think of the points of A with values in S as polynomials 

T n + ai T n - 1 + ■ ■ • + a n 
where m € B°(X X x S,Q^ S ). 

Definition 3.5. We define the functor TUggs^ as the sheafication of: 

S^{(E,cf>,<p)}/ ~ 

where 

(1) E 1 is a rank n vector bundle over X x 5. 

(2) ip: E ^ E ® ujxxS/s i s a relative Higgs field, that is, a morphism of 
sheaves of OxxS-modules. 

(3) (j) is a formal trivialization of i? along x x S 

such that there exists a matrix 

/ o o (-ir+v \ 



M 



1 



(-l) n a„- 



1 



• o 

1 



-a 2 
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5 



(where (a±, . . . , a n ) € A(S')) making the following diagram commu- 
tative: 

E x xs *" E xx s <8> uj xx s 
i i 

M 



OsMY 



(4) Two triples (E, (p, (p) and (E' , <p', <p') are said to be equivalent when- 
ever there exists an isomorphism of vector bundles / : E E' com- 
patible with all data, that is: 

• / is compatible with (j> and (j>', so the following diagram is com- 
mutative: 



E. 



xxS 



E' 





xxS 



OsMT 

f is compatible with p and <//, that is, the diagram: 



E 



f 



E' 



->■ E ®oj 
l /®Id 
E 1 ®uj 



is commutative. 

Remark 3.6. Given 0, y>) E 7iiggs ( ^(S), the elements (oi, . . . , a n ) of the 
third condition are forcely the characteristic coefficients of (p. 

Remark 3.7. Whenever two S'-valued points (E,p,(f)) and (E' , ip' , <j)') are 
equivalent, the characteristic coefficients of both (p and (p' are the same. 
This implies the commutativity of the following diagram: 

>■ E® ou 




E' (gioj 



Definition 3.8. The formal Hitchin map is the morphism: 

Hoc: Higgsx — ► A 

which associates to each triple (E,(f),p) € Higgs^(S) the characteristic 
coefficients 

(ai,...,a n ) G A(5) a; = Tr(AV) 

of the formal Higgs field (p. 

From now on, we will restrict to the open dense subset of A consisting 
of those polynomials p(T) € A(5) such that C?s[[z]][T]/p(T) is a separable 
05 [[z]] -algebra. 
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Theorem 3.9. The functor TUggs^ is representable by a k-scheme. 



Proof. Let be the fine moduli space of rank n vector bundles on X with 
formal trivialization (see pQ). Then, there exists a universal object (£,<&), 
where £ is a rank n vector bundle on X 
of £ along {x} x It™. 



U 1 ^ and a formal trivialization 



Let V be the fiber bundle associated to the vector bundle on X x U^'- 



Hom Xx u™(£,£ ®u) 



oj being the pullback of wj to X x U^- Let / : V — > be the composition 
of the natural morphism V —* X x with the projection onto U^- 

Let £y be the vector bundle on X x V defined by the pullback (1 x f)*£, 
denote by 

$v: £v, xx v ^ Y [[z]] n 
the induced formal trivialization of £V along x x V and let: 

tp : £y — > £y ® 

be the universal morphism. 

One has that the points of V with values in a A;-scheme S, g: S — > V, 
are triples (Es,ips,4>s) where Eg is the pullback of £y to X x S 1 by the 
morphism lx g, <ps is the pullback of ip and </>s is the pullback of the formal 
trivialization. 

Bearing in mind the induced morphism: 



<p: £v 



£\ 



it follows (see Definition 13.51) that the points of TLiggs^ with values in S 
are points of V with values in S, (Es,<ps,<t>s), for which the composition 
($v,S ® dty^s) <Ps is defined by a matrix of the type: 



/o 

1 



(-1) 



n+l. 



\ 



(-l) n a n . 



• 
1 



-a 2 



) 



for arbitrary (a\, 
tion. 



, a n ) € A(S). One can check that this is a closed condi- 

□ 



3.1. Krichever map. Let us denote V = k{{z)) n and V + = k[[z]] n . 
Recall that the infinite Grassmannian Gr(V) associated to the couple (V, V + ) 
is the infinte dimensional A:-scheme whose rational points are &;-vector sub- 
spaces W of V such that W n V + and V/W + V + are finite dimensional 
subspaces (see [2]). 

Recall also ([I], [8]) that the Krichever map 

Uf -> Gr(V) 

is defined by sending (E 1 , </>) to (i o <^>) lim ir*E(m) and for rational points 
maps (E,(j)) to (to0)H°(X-x,£). 
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Definition 3.10. Let (E,(j),ip) be a point of TLiggs°°{S). The Krichever 
map for the functor TUggs^ is defined by: 

Higgs^(S) - Gr(fc((z)) n )(S) x A(5) 

(E,(f>,(p) i-> ((t o (ft) lim ir*E(m) , Pft(T)) 

m 

where 7r : X x S 1 — > S and psiT) is the characteristic polynomial of the formal 
Higgs field (p. 

Remark 3.11. For rational points: 

Higgs^(k) -> Gr(fc(Cz)) n )(A;) x A(fc) 

(£, 0, i ► ((t o 0) H°(X - x, E), P? (T)) 
Theorem 3.12. The Krichever map is infective. 

Proof. Let (E, 4>, (p) and {E' , ft, <p') be two points in Jiiggs^ with values in 
the fe-scheme S and assume that: 

(t o (p) lim 7r*-E(m) = (t o <j)') lim n^E (m) 

m m 

P(p{T) =P0'(T) . 

Since Krichever map is injective for (see [I],[H]), there exists an isomor- 
phism E E' compatible with formal trivializations <j) and eft'. Because 
both families verifies the third condition of Definition 13.51 it follows that the 
diagram: 



E®u 




is commutative, therefore (E,(j>,(p) ~ (E' , <fi' , ip') (see remark |3~7|) . □ 

Now we want to characterize the image of the Krichever map. It is known 
([D IE]) that the image of the Krichever map: 

Uf ^ Gv(V) 

consists of those points W £ Gr(V) such that A ■ W C W (where A = 
H°(X - x, O x ), see [ID]). Since 

Higgs% ^ Gr(V) x A 

takes values in x A, we are interested in studying the image of 

'Higgs x ^ Ux x A . 
Consider the natural map: 

k{{z)) ® k V -» V = k{{z)) ® fc(W) V . 

If U and W are vector subspaces of k((z)) and V respectively, we denote 
U - W the image of U k W -> V. 
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Proposition 3.13. Take L be a line bundle on X and 4>l a formal trivial- 
ization of L at p. Consider (E,4>e) G ^x(^) an( ^ 

W = H°(X - x, E) G Gr(V)(k) , U = B°{X — x,L) G Gi(k({z)))(k) 

be the points they define via the Krichever map. Then: 

U-W = H°(X — x,L ® 0x E) G Gr(V)(fc) . 

Proof. It follows from the surjectivity of 

H°(X - x, L) ® k R°{X -x,E)^ R°(X -x,L ® 0x E) . 

Recall that X — x = Spec A is an affine open subset of X. □ 

One can easily generalizes the above result for points with values in any 
fe-scheme 5. This implies that we can define the following morphism of 
schemes: 



W 



U-W 



Remark 3.14. Note that in general we don't have a well-defined scheme 
morphism: 

Gi{k((z))) x Gr(y) -> Gr(V) 
(U,W)^U-W 

with values in S and let T be the endo- 



Let (ax,. . . , a n ) be a point in 
morphism given by the matrix: 



/ 
1 



(3.2) 



o (-ir+v \ 

• (-l) n «n-l 












1 



-a 2 



e Endo s((z)) O s ((z)y 



/ 



Definition 3.15. Let W G Gr(V)(S) be a point with values in S. A sub- 
Og-algebra A of Os((z)) is said to stabilize W if it verifies: 

(1) O s ({z))/A is flat over S. 

(2) A-W CW. 

The stabilizer algebra of W is the maximum subalgebra of Os((z)), Aw, 
which stabilizes W. 

If S = Spec A: is the spectrum of a field k, flatness is straighforward and 
the stabilizer algebra coincides with those of [8]: 

A w = {f ek((z))\f -W QW}. 

Proposition 3.16. Let S be a k-scheme and As ■= H°(X — x,Ox) <S>k S. 
Given W G U%{S) it holds: 

(1) T(W) £ Gt(V)(S). 

(2) T(W) is As-module. 



(3) A 



T(W) 



A 



As E Gr(k((z)))(S). 



In particular, T(W) G U%(S). 
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Proof. It follows from the (9s((;z))-linearity of T and the properties of the 
stabilizer algebra Aw of W. □ 

We can now define another endomorphism of : 

T: Uf ->U£ 
W i-> T(W) 

Theorem 3.17. Let be the point in Gr(k((z)))(S) defined by the relative 
canonical sheaf ujxxS/s ■ 

A couple (W,p(T)) G (U^ x A)(5) lies on the image of the morphism 

Higgs% ^MfxA 

if and only if the restriction ofT ( equation VS. I| ) to W takes values into W 0: 



w *w-n 

For rational points this condition translates into T(W) C W ■ f2. 

Proof. Direct implication follows from the definition of the Krichever mor- 
phism. Let's see how to recover the geometric data from (W,p(T)) E 
U^iS) x A(S). By hypothesis, T\ w takes values in W ■ 0, and we already 
know that W G U^(S), so we can recover a rank n vector bundle onlxS 
together with its formal trivialization <p (see [1], [8]). By Proposition 13.131 
we have that W-Cl is the point in Gr(k((z)) n )(S) defined by E ®o x u XxS/Si 
that is: 

W -VL = lim7Ts,*(-E ® 0x lo X xS/s){Mx xS)). 

m 

Therefore, Tjjy translate into the morphism: 

T\ W : limir s ,*E(m(x x S)) -> l\m it s , * (E <S>o x ^XxS/s){ m { x x s )) 

m m 

where : X x S — > S. Thus, to recover the Higgs field 

E — > E ®o x ^XxS/S 

we have to extend T\w to x x S. But, this follows from the fact that T is 
0s((z))-linear (see equation I3.2|) . In addition, the compatibility condition 
between ip and <f> is obtained by construction. □ 

This result allow us to prove the following theorem: 

Theorem 3.18. The functor Higgs ^ is representable by a closed subscheme 
ofUJ? x A. 

Proof. By I3.17|. the image of: 

Higgs^ ^MfxA 

consists of pairs (W,p(T)) such that T\ W (W) C W ■ fi. By proposition 13.131 
we have that W ■ f2 € Gr(V). The statement then follows from the next 
result (see [TJ Lemma 2.4.6]): 
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Let S be a /c-scheme and let J- be a sheaf of Cg-modules. Let T\ and T2 
be two quasi-coherent subsheaves of T such that locally T /J~2 °^ lun , Lj, 
where Lj are free coherentsheaves. Then, the points / : S' — > S such that 
f*{^i) Q f*(^2), as subsheaves of /*(J r ), are the points of a closed subset 
of 5. □ 

4. Spectral Construction. 



We call formal base curve to: 

X x :=Spf *;[[*]]. 

Definition 4.1. Let p(T) be a point in A(S). We define the formal spectral 
curve associated to (X,p(T)) as: 

Spf Os[[z]][T]/ P (T) . 

Let (E, cj), ip) be point in TUggs^ with values in S. Recall that the formal 
Hitchin map (see Definition 13. 8p : 

H°° : Higgsf -» A 

sends (-E 1 , 0, y>) to the characteristic polynomial p«(T) G A(S) of the formal 
Higgs field (p. 

Proposition 4.2. Let S be a k-scheme. Given (E,<p,ip) G Higgs^(S), 
there exists a formal trivialization of E along x x S: 

E xxS O s [[z])[T]/p^T) 

in such a way that M (see Definition ^. 5]) corresponds to the multiplication 
byT inO s [[z}}[T]/p?(T). 

Proof. The proof uses the classical correspondence between a Higgs pair 
and the Jacobian of the spectral curve of [3]. The formal Higgs field <p 
endows E xx s with a line bundle structure over the formal spectral curve 
Spf C?s[[z]][T]/p£(T), so that we can choose a trivialization: 

E xxS ^O s [[z}][T]/pz(T). 
Using the given formal trivialization: 

0: E xxS ^ O s [[z]] n 

we can define an 0s[[z]]-algebra structure on CsII- 2 ]]" - an d> because of the 
compatibility condition between <f> and ip of Definition 13.51 we get that M 
corresponds to the multiplication by T in Os[[^]][T]/p^(T). □ 

4.1. Relative Infinite Grassmannian. 

Observe that for each p(T) G A(S) the 0s((z))-module V s = O s {{z)) n 
can be enriched with a natural C?5((z))-algebra structure: 

Vs^O s ({z))[T]/p{T) 

using the standard basis {1, T, T 2 , . . . , T n_1 }. 

Now take a rational point (E, cj), p) G THggs^(k) and denote by tt : X v — > 
X the spectral cover. 
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Using the formal trivialization of the Proposition 14.21 

<f> v :E x *> k[[z]][T]/p^T) 

is easy to check that 

W = <P v E°(X v -ir- 1 (x),E) 

is a rational point of the infinite Grassmannian Gr(k((z))[T]/p^(T)). 

The aim for this section is to make this construction uniform as p(T) 
varies. This will lead us to define the relative infite Grassmannian. The 
construction is similar to that of the standard infinite Grassmannian ([2]), 
so we will omit the proofs (see [TT] for further details). 

Let p unw (T) denote the universal polynomial of A, that is, the point cor- 
responding to the identity morphism Id : A — > A (recall that by proposition 
13.31 A is representable) and think of 0A[[z]][T]/p UTm, (T) as the ring of the 
universal formal spectral cover. 

Denote 

V = O k {(z))[T]/p umv {T) V + = O k [[z]][T]/p umv {T) 

and consider the triple (V, V + , V±) where V\ = zV + . We have: 

• V + is a sheaf of Vi-adics OA-algebras (Vi is a sheaf of ideals of V + ). 

• V + jV\ ^ Oa as ©A-algebras, V\ is locally principal and V is the 
localization of V + by the generator of V\. Equivalentely, for each 
point of A there exists an open neighborhood U such that: 

Define the following sub-V + -modules of V by Vi := V{, that is, 

locally in A. 

There also exists a notion of conmensurability for sub-0A- m odules of V 
and verifies the same properties as the standard conmensurability (see [2]). 

Definition 4.3. The relative infinite Grassmannian associated to the triple 
(V, V + , Vi) is the functor that associates to each A-esquema S the following 
set: 

quasicoherents sub-Os-rnodules W C Vs such that Vs/W is 
flat and for each point in S there exists an open neighborhood U and 
C conmensurable with V + such that Vu/{Wu + Cu) = 
and Wu fl Cu is loc. free of finite type 



Theorem 4.4. Qr(V) is representable by a A-scheme (thus, in particular 
by a k-scheme) that we will still denote Qxiy). 

Theorem 4.5. For all K-scheme S denote Vs = V®o&@s- It holds: 

gv(V s ) ^ Qj{V) x A s 
In particular, for each rational point p(T) : Speck — > A: 

gr(V k )=gr(k((z))[T]/p(T)) 



12 D. HERNANDEZ-SERRANO, J. M. MUNOZ AND F. J. PLAZA 

This means that: 

gT(0 K {(z))[T}/p umv {T))^k 
is a fibration of infinite Grassmannians. 

Remark 4.6. Note that one has an isomorphism of 0A- m °dules 

A ((z))[T]/p univ (T) ^ A ((z)) n , 
therefore, considering the trivial fibration of fc-schemes 

Gr(k{(z)) n ) xA->A 
one can get an isomorphism: 

(4.1) Gr(fc((z)) n ) x A ^ gr(0 A ((z)) n ) Qi{0 A {(z))[T\/p univ {T)) 

4.2. Krichever map via the spectral construction. 

Given a point (E,<f),<p) € Tiiggs c ^(S) and using the formal trivialization 
(p v of Proposition 14.21 one gets a well-defined Krichever map: 

Higgs^(S) - gi(O x {{z))[T\/p«™(T)){S) 
(E,tf>,(p) i-> (f) tp (]im'KiE tp (m)) 

m 

where ir' : X v — > 5 1 . For rational points is given by: 

Higgs^k) - <?r(0 A ((z))[T]/^(T))(£;) 
(£, 0, </?) h- ^ H°(X V - ir-\x),E v ) 

it: X v — > X being the spectral cover. 

Bearing in mind the isomorphism of the equation (|4.ip , it follows that this 
Krichever map is in fact equivalent to the Krichever map defined in 13.101 
and by theorem 13.121 is injective. The image is characterized in a similar 
way to that of theorem 13.171 

See also |4J for other interpretation of the spectral construction. 

5. Equations of the moduli space of Higgs Pairs. 

Let p(T) € A(k) be a rational point and denote 

V p = k{(z))[T}/p(T) V+ = k[[z]][T}/p(T) . 

From now on, assume that V p is a separable fc((z))-algebra with the following 
decomposition: 

V P ^ V\ x • • • x V r 

where Vi = A:((z))[Tj]/T i "' 1 — zU{(Ti), n\ + • • • + n r = n and Uj(Tj) are invert- 
ibles in In addition, it is easy to prove the following isomorphism: 

(5.1) k^)) ^Vi = k((z))[Ti\/T? - zuiTi) 

where z is thought as a serie in T, by the expresion z = T™ l Ui{Ti)~ l . 
This assumption is motivated by the following geometric fact: 
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Proposition 5.1. Consider (E,ip,c/)) G Tiiggs'^(k) and letp@(T) G A(fc) be 
characteristic polynomial of the induced formal Higgs field. Then, the ring 
of the formal spectral curve, Xy := Spf , is isomorphic, as k[[z]]-algebra, 
to: 

kMWT^/T^ - zu^T-y) x • • • x k[[z]][T r ]/T?r _ ZUr (T r ) , 
where n\ + • • • + n r = n and Ui{Ti) G &[[Tj]]*. 

Proof. Indeed, denote O x = k[[z]] and O y = V+ = k[[z]][T\/p$(T). O x is 
a local, regular and complete ring with maximal ideal m x = (z) and O y is 
a regular, complete, separable O^-algebra of dimension one, thus, O y is a 
Dedekind domain and we have a primary decomposition: 

m x Oy = m™ 1 • • • m" r 

where rtij are the maximal ideals of the points: 

{yi,--- ,Vr} = Specd^. 

Moreover, if we denote O yi the completion of (O y ) yi , in O yi one has m x O Vi = 
m™\ Since O yi are local, regular and complete /c-algebras of dimension one, 
by Cohen theorem it follows that O yi ^ fe[[Tj]] and then, in O yi , it is: 

z = T^ViiTi) 

Vi(Ti) being an invertible element in O yi . In addition, we know that k[[z]] — > 
fc[[Tj]] is an integer morphism, so one gets a relation: 

T n t + h (i) T n t -l + . . . + 6 « = o 

where bf G fc[[z]]. That is: 

mw * kum/T^ + bfr^- 1 + • • • + &g> 

Moreover, if we restrict to z = we should get a point counted ni times, 
what means that bf = zbf where bf G k[[z]]. Therefore: 

if = -^if- 1 + ... + 5g>). 

If we denote Ui(Ti) to Vj(Tj) -1 , one gets that ui{Ti) is a polynomial in Tj 
with coefficients in and: 

Because of separabily and the fact that we are working in characteristic 
zero, if Ui = Vj the rij / rij. Now we can conclude: 

k[[z\][T]/p 9 {T) ^ kMWT^/T^ - zmp!) x ••• x k[[z]][T r }/T?r _ ZUr (T r ) 

where Ui (Ti) = Vi (Ti)- 1 . □ 

Remark 5.2. Note that, since fc has characteristic zero, there exists Vi G 
k[[Ti\] such that Vi = u™*. Then, Tj = TiVi G is a formal parameter 

for yi and z = T™\ that is: 
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In our case we are not allow to do this change of parameter, because once 
we take a point in Tiiggs^ we get a polynomial in A, and if we were allowed 
to do this change, then the polynomial would be different. 

In order to give the equations describing TUggs^, we will firstly need to 
adapt some results concerning Tau and Baker-Akhiezer functions given in 

la ma ei . 

5.1. Formal Jacobian and Abel morphism. 

Because of the isomorphisms of the equation 15.11 and following [21 [9] it can 
be proven that functor V_* of invertible elements in V p is representable by a 
formal group A;-scheme whose connected component of the origin decomposes 
as: 



and 



Moreover, the formal Jacobian of the formal spectral curve Xy, J'(Xy), 
is isomorphic to Ty^ (see [21 Theorem 4.14] and also [9]). 

Let Aqo be the formal group scheme: 

Aoo := lim Spec k[[ti , t n }] 

n 

endowed with the additive group law. Let us denote k{{t\,t2, • • • }} for the 
ring O-^ = lim k[[t\, . . . , t n ]] and set: 

A^ := A,^ X .T . X Aoo • 

Since the characteristic of k is zero, the exponetial map is the isomorphism 
of formal group /c-schemes (see [21 Definition 4.11]): 

exp-.A^^JiXy) 

(i) oo 

(K (1) } J>0 , . . . , {4 >} i>0 ) - (exp(£ X), . . . ,exp(]T |-)) 
Now we can identify J{Xy) with the formal spectrum of the ring: 

and its universal element will be denoted by: 



v = n ex p(E^j^ 

i=l j>l 1 i 

The Abel morphism of degree one (see [9]): 

fa : Xy -» 

is defined by the r series: 

«i -§r\...,(i -§n 

where we distinguish the indeterminates: 

TieOg v =k[[T 1 ]]x---xk[[T r ])^V p + 
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Equivalentely, the Abel morphism is the induced morphism by the next 
ring homomorphism: 

k{{t?,t£\. ..}}&••• ®k{{t { {\t ( Z\ . ..}}-> fc[[Ti]] x • • • x k[[f r }} 

5.2. Tau and Baker- Akhiezer functions . 

Consider the fibration of infinite Grassmannians: 

Gv{k{{z)) n ) xA^A 

and let p(T) be a rational point of A. The fiber at p(T) £ A(k) is Gi(y p )(k) 
(see E]), where V p = k((z))[T]/p{T). 

Consider now the action of Ty p in Gr(V^) by homoteties: 

p: T Vp x Gv(V p ) ^ Gt(V p ) 

and define the Poincare sheaf on Ty p x Gr(V^) by: 

V:=p*Bet* Vp . 

Definition 5.3. For each rational point W 6 Gr(V^), we define the sheaf of 
t functions of W as the line bundle on Ty p x {W} given by: 

Z T {W) :=V lrVpX{w} 
We call r-section of a point W, fw, the image of under the morphism 

H°(rv p x Gt(v p ),p) - H (r yp x {^},£ T (Ty)) 

where J)+ is the canonical global section of Det^ defined in [2]. 

Note that fw is not a true function over Ty p x {TV}, because C T (W) is in 
general non trivial. The algebraic analogous of the tau function defined by 
Sato, Segal and Wilson ([13]) is obtained by restricting C T (W) to the formal 
subgroup Ty ^ J{Xy) C Ty p . Explicitily: 

Define C T (W) := C T (W)^- x {w}' Like m 0' ^ can De shown that this 
vector bundle is trivial over Ty x {W}. In order to obtain a trivialization 
(that allows us to identify sections with functions) one needs to find out a 
section without zeros. Let V be the fiber bundle associated to C T (W), fix a 
non-zero element pw m the fiber of V over the identity point (1, W) € Ty x 

{W} and let do be the unique T v -equivariant section such that oo(l, W) = 
pw 

Thus, <7o is a constant section without zeros and the global section defined 
by fw is identified, via the trivialization given by do, with the function: 

r w € r - J{2v) ^ k{{tP,. ..}}»••■ ®fc{{t£ r) , ■ ■ ■ }} 

defined by: 

/ v f w (g.) p*n + (g.) Q + (g. ■ W) 
for g. = EILl exp(E i > 1 %) e J(X V ) ^ TZ . 
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Remark 5.4. Over the formal base curve X = Spf if f2 £ Gr(A;((z))), 

its t function over J{X) ^ ^ Spf /c{{ti, • • • }} is, in characteristic zero 

my- 

m{g) = — = = 

<?o{g) (?o{g) gpw 

for g = eMY,j>i |) G J(X) ^ r~ . 

Now is time to go for Baker-Akhiezer functions. 
Consider the composition: 

(3: Xy x T Vp x Gr{V p ) 01 ^ H T Vp x T Vp x Gr{V p ) m ^ d T Vp x Gr{V p ) 

where <f>i : Ay — ► Ty is the Abel morphism of degree one (with values in 
^ J(Xy) C Ty p ) and m is the group law in Ty p . 



Definition 5.5. The sheaf of Baker-Akhiezer functions (BA) is the line 
bundle over Xy x Ty p x Gi(V p ) defined by: 

Cba ■■= P*r . 

The sheaf of BA functions of a point W £ Gr(V p ) is: 
Zba{W) := C B A\x vxTvp y, {w} ■ 

Similarly: 

C BA {W) ■= P* W C T {W) 
$w being the restriction of $ to W £ Gt(V p ). 

Definition 5.6. The BA-section off £ Gr(V p ) is ijj w := v~ l ■ Pfr(fw), 
where: 

P* w : R°(T Vp x {W},£ T (W)) - H°(A y x T Vp x {W},C BA (W)) 
is the induced morphism by (3^y. That is, choose it in such a way that: 

^l4 !) xrv p =^ rl 
where Xq is the origin of Xy i and v~ l is v^ 1 in the component Xy i . 
As in the previous section, the bundle: 

Cba(W) := C BA (W) { x vxT - pX{w} 

is trivial over Xy x T v , so, choosing a trivialization, the BA-function of a 
point W £ Gr(Vp) is defined by the following formula: 

ipw{T„g,) = v -— 

Tw{g») 

where T, = (T\, . . . , T r ) and g, € T y . 

In order to give an explicit expression of this function in characteristic 
zero, we compose the Abel morphism with the exponential isomorphism: 

Xy h J(Xy) £X C 
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that sends Tj to the point in AJ^ with coordinates: 

[T 3 ] : ((0,..0,...,(T,,2 2 ...),...,((),...)) 
or, equivalentely, this map is induced by the ring hommorphism: 
k{{t ( l\ . ..}}<§••■ ®k{{tf\ . ..}}-> x ••• x fc[[T r ]] 

^ » (0,...,0,^-,0,...,0). 
It is clear that we have an addition map: 

Xy X J{X V ) -> J(X^) 

(T.,t.)^t. + [T.] 

where T. = (Ti, . . . , T r ), i. = (t^ , . . . , fW) y t. + [T.] denotes the point in 

with coordinates (. . . , if' + -f, . . . ). 
In this fashion, the BA-function of a point W € Gr(V^) (in characteristic 
zero) is defined by ( pUl E] ) : 

^(T., M = nexp(- S g).( !2^±M ) 

i=l J>1 J i nvw 

Remark 5.7. If S Gr(/c((z))), its BA-function in characteristic zero is 

^n(z, i) = exp(- ^ ^) • ( rn(t) ) 

Remark 5.8. In the case of points in the Grassmannian of k((z)), the Tau- 
function of a point Q S Gr(/c((z))) generates the subspace 0([lQ]), never- 
theless, this is no longer true for a point W £ Gr(Vp). In order to solve this 
problem the following definition is used in [9]. 

Recall the descomposition V p ^ V\ x • • • x V r . 

Definition 5.9. The u-th BA-function of a point W £ Gr(V p ) is the function 

, frr . \ if i *i \ T w ul {t* + [Ti]) t , sr^ 4 ■* s Tw ur (t» + [T r ])\ 
^(T.,t.):= (Ucx P (-|:— ) ^ ,...,^exp(-|:^) ^ ) 

where 

• 1 < u < r. 

. W uv := (l,...,^,...,^- 1 ,...,!).^. 
. t.+ [r„] := (t( 1 ) ! ...,^) + [r,],...,tW). 

• C«i is ~~ 1 if * > u an d 1 if i < w. 

Now, let's see that W can be generated (as an infinite subspace of V p ) by 
these u-th BA-functions. 

Let Xy be the formal scheme: 



:= Spf ((y+)® w ) x • • • x Spf ((K + )® W ) 
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Denote (Vf)® N = k[[Ti]f N by k[[xf,. . .,x$]]. We have: 
n~ - h\\^ JX) ^ 

The Abel morphism of degree N: 

<j> N : X» ^J(Xy) 

is defined by: 

N (1) N (r) 

nc-^-r'.-.no-^)- 1 - 

*!=i fc=i r 

Lemma 5.10. [9] Let W G Gr°(V^) 6e a rational point. Let N > be an 
integer number such that V p /V p + T^W = (0). Let 

{/*:= (f ) (T 1 ),...,fl r \T r ))\l<i<N.r} 

be a basis for V+ n T> as a k-vector space where ff' G VJ 1 ". 
Then: 



l<k<l<N ,Ki<T 



as functions ofO^ N (up to non-zero constants). 

Remark 5.11. Recall that the superindex of Gr°(Vp) denotes that we are 
taking the connected component of the Grassmannian where the index func- 
tion of W takes the value (see [2j Def.3.3]). 

Theorem 5.12. [9] Take W G Gr°(V p ). Then: 
ipu,w(T.,t.) = (1,. . . ,T U , . . . , 1) (Vi',V( T i)' • • • 'V&VC^PuiM*.) 

i>0 

w/iere 

{(<V( r i)> • • • - <V( r r)) I » > 0, 1 < u < n} 
is a basis for W and p u i,w(t») are functions in t,. 

Remark 5.13. For studing the index m connected component (m > 0), 
Gr m (V^), we need to choose an element v m such that dim^ V p + /v m V p + = m 
in order to get an isomorphism Gr m (V^,) Gr°(V p ) that allow us to define 
the global section Q 7 ^ of the dual of the determinant bundle of Gr m (V^) as 
the image of the canonical section 0+ of Det^ (see [2] and |1U^ Remark 4]). 
Let us set v m as follows: 

• for m < |(r — n), let p, q, s, t be integer numbers defined by — m = 
q • (n — r) + p, < p < n — r, p = s • r + t, <t < r. Therefore, we 
set 

V m ■— \Z J-,) J. i ■■■J-t 1 t+l L r 

• for m > 7}(r — n), we set: 

v m ■= (z' 1 ■ T„) ■ v~} Ti 



^r—n—m 
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Theorem 5.14. [9J IfW £ Gr m (V p ) we have: 

i>U,w(T.,U) = V^l, • ■ ■ > T «' ■ ■ ■ ' !) - X! (^«,'vk( Ti )' ' ■ ■ ^u'w( T r))Pm,w(U) 

i>0 

where 

{ty!$(Ti), $#(T t )) | i > 0, 1 < u < t} 

is a basis for W and p u i,w(t») are functions in t 9 . 

In particular, an element of V p lies in W if and only if it can be expressed 
as a linear combination of 

ipi,w(T,,U), . . . ,4> r , w (T.,t.) 

for certain values of the parameters t 9 . 
Remark 5.15. If n € Gi s (k((z))) then (\TU\): 

i>0 

where {w> \ z )}i is a basis for Q and Pi(t) are functions in t. In particular, 
if 0, is the point defined by the canonical line bundle lux, then s = g — 1, 
where g is the genus of X. If we denote as the point defined by w^ 1 , 
then s = 1 — 3g. 

5.2.1. Adjoint Baker function. Since V p is a finite separable A:((z))-algebra, 
it carries the metric of the trace 

Tr: V p x V p -> k{(z)) , 

which is non-degenerated. Therefore, V p can be endowed with the non- 
degenerated pairing: 

T 2 : V p x V p -> k 

(a, b) i— > Res2=o(Tr(a, b))dz 

Lemma 5.16. (10|. [9] The pairing T 2 induces an isomorphism of k-schemes: 

R: Gi(V p ) - Gr(V p ) 

where W 1 - is writen for the orthogonal of W w. r. t. T 2 . 

We have the following properties ([9]): 

• R{Gr m (V p )) = Gr- m (Vp). 

• R*Bet Vp ^ Vet Vp . 

• ( g . W) x = g' 1 ■ W x , for W € Gv(V p ) and g G J(X V ). 

• = 0+ m 

• T w ±{g) = Twig- 1 ). 
. W x = W vu 

Definition 5.17. The it-th Baker-Akhiezer function of a point W S Gr(V p ) 
is: 
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In characteristic zero: 
Cw( T «>*«) : = 

Theorem 5.18. Take W G Gr m (V" p ). We have: 

1 Pt,w( T ; t ') = v~± n _ m (l,...,T u ,...,l) ■ (^u^\Ti),.. ■ (T r ))p* uilW (t.) 

i>0 

where 

{(^ ) (T 1 ) : ...,^(T r ))\i>0,l<u<r} 

is a basis for W 1 - and p^ w {t m ) are functions in t,. 

In particular, an element ofV p lies in W 1 - if and only if it can be expressed 
as a linear combination of 

^wO^i • • • j VV,wC^«> 
for certain values of the parameters t 9 . 

5.3. Product of BA-functions. 

Take fl G Gr(k((z))) and W G Gr(T^,). Consider its BA-functions: 

(that lies over X x T~ and Xy x respectively). 

The graph, Xy — > Xy x X, of the morphism tt : Xy — ► X induces: 

/: x v x r Vp x r- - (x y x r Fp ) x (x x r-). 

Remark 5.19. Note that the graph is the morphism induced by: 

k[[z]\ ® k (fc[[Ti]] x • • • x fc[[T r ]]) - fc[[Ti]] x • • • x fc[[T r ]] 

z (8> fc (Ti, . . . ,T r ) i-> (zTi, . . . , zT r ) 

and this expression makes sense because we know how to express z in terms 
of Ti by equation (|5.ip . 

Definition 5.20. The product of the BA-functions of 17 G Gr(/c((z))) and 
W G Gr(Vp) is defined by: 

tpw(T,,t.) * ipn(z,t) := f*(tp w (T m ,t.) ® fc ipn(z,t)) 

The product of tpci(z, t) by the u-th BA-function of W, ip U) w(T,,t,), can be 
defined in similar way. 

Proposition 5.21. Let W G Gr(V p ) and ft G Gr(k((z))) be such that VL-W G 
Gr(Vp). Then 

{ipu{z, t) * ipi tW (T„t,), . . . , ipn(z, t) * ipr )W (T;U)} 
is a generating system for • W. If the characteristic of k is zero, then: 
ipn(z,t) * ip u ,w(T;U) = (ipn(z,t) • ^L^t,), . . .,tp n (z,t) • C^(T r ,i.)) 
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where 



and 



Proof. They are a generating system by 15.141 and 15.151 Explicit formula 
in characteristic zero follows from 15.71 15.91 and the definition of the graph 
morphism. □ 

5.4. Equations of Higgs^. 

Theorem 13.171 savs that a rational point (W,p(T)) G W^{k) x A(k) lies 
on the image of 

Higgs%(k)^U%(k)xA(k) 

if and only if T(W) C W ■ f2, where Q G Gr(/c((z)))(A;) is the point defined 
by the canonical line bundle lox an d T is the homotety multiplying by T in 
Vp. Bearing in mind the descomposition V p V\ x • • ■ X V r , T translates 
into the homotety multiplying by T. = (Ti, . . . , T r ), therefore, if we think of 
T as an operator in V p is easy to see that T is self-adjoint w.r.t. the pairing 
T2 defined in section [5.2.11 that is: 

T 2 {T-v,v') = T 2 (v,T-v') V«,t/ e V p ^ V\ x ---Vr ■ 

Theorem 5.22. Let (W,p(T)) G Uf{k) x A(k) be a rational point, Q G 
Gr 9 ^ 1 (k((z))) and assume that W G Gr m (Vp) (with m^\{r-n)). 

(W,p(T)) lies in the image ofTCiggs^(k) <^-> lA^ik) x A{k) if and only if: 

Vr-n-m ' T, ■ 1p^ w (T.,t.) y m ■ ■ w (T. , t.) , 

21 (1,...,T U ,...,1) ' ^.(l,...,T w ,...l) ' 

/or all 1 < u,v < r. 







Proo/. By theorem I3T7] (W,p(T)) G x A(fc) lies on the image of 

niggs^(k) ^ Uf{k) x A(Jfe) if and only if T ■ W C W • O. Now: 

T • C • O n -1 • W C T- 1 ■ W (T _1 • WO" 1 C (JT 1 • W) L 

where _L denotes the orthogonal w.r.t. T2. 
Because T is self- adjoint, we have: 

(T- 1 ■ W) L : = {v G V p I T 2 (u, T _1 ■ w) = VweW} = 

= G V p \ T 2 {T~ 1 -v,w) = VweW} = 

= {v g y p I t- 1 ■ v G W x } = r • iy x 

Since multiplying by T corresponds to multiplying by T,, using the theorem 
15.181 we have that: 

is a generating system for W^. Therefore 

T, ■ ip liW (T,,tt), . . . , T. • ip* w (T,,t m ) 
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is a generating system for T ■ W 1 - and (by theorem 15. 18j) : 



T..M W (T.,U) 



(1, . . . , T u , . . . , 1) • £ (Tj • ^(TO, £% } (T r ))p* uiiW (t. 



*(i,r) , 



i>0 



where 



{[T t ■ V^m), . . . ,T T ■ r u %\T r )) | i > 0, 1 < u < r} 



is a basis for T ■ W and p* ui w (t,) are functions in t 9 . 

Since T2 is non-degenerated and because of the expressions 15.151 15.141 
15.181 of the functions ipQ-i(z,t), ip V) w(T*,t m ) and ip* w (T u ,t m ), we conclude 
that T ■ W 1 - C (J7 _1 • W)' L if and only if the following set of equations is 
satisfied: 

■T..r u , w (T.,Q 



To 



(1,...,T U ,...,1) 
for all 1 < u, v < r. 



&■(!,..., T v ,...l) 







□ 



5.5. Equations for irreducible polynomial. 

In this section equations describing Tiiggs^ for the case in which the 
spectral cover tt : X v — > X is totally ramified at x S X (that is, 7r _1 (x) = ny) 
are computed explicitely in terms of the characteristic coefficients of the 
formal Higgs field. 

In our formal setting, to assume this hypothesis implies that the charac- 
teristic polynomial of the formal Higgs field is irreducible. So, from now on, 
assume we are given an irreducible polynomial 



P(T) 



aiT n-l + . . . + 



-ira, 



The multiplication by T in V p = k((z))[T]/p{T) w.r.t. the basis {1, T, . . . , T n_1 } 
corresponds to the matrix: 

(-ir+v \ 

• (-l) n a„_i 



/o 

1 



T 



■ 
1 



-a 2 
a 1 



\0 ■ 

By equation 15.11 we are in the following case: 

V p = k((z))[T]/p(T) ^ k((z))[T}/T n - zu(T) k((T)) 

so that u(T) can be computed explicitely in terms of a\, . . . ,a n . Note in 
addition that multiplying by T" 1 makes sense in V p (but not in V p + ). 
On one hand, if W G Gr m (V p ) then its BA-function is given by: 



(5.2) 



i>0 



where {tpyy(T)}i is a basis for W and Pi(t n ) are functions in t n (see remark 
15.151 and notice that we are writing t n for the coordinates of Ty p ) . Observe 
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that the orthogonal W 1 - w.r.t. the metric T2 definied in section 15.2.11 lies 
on Gx~ m (V p ), therefore: 

(5.3) r W (T,t n ) = T 1+m Y,^*w t) ( T )P*( t n) 

i>0 

where {V*w CO}i is a basis for W 1 - and p*(t n ) are functions in t n . 

On the other hand, as in section [5\3l we can define the product of the BA- 
function $> n -i(z,t) of G Gr(fc((z))) by the BA-function $> w (T,t n ) of 
W G Gr(Pp) bearing in mind that the fc((z))-algebra structure of Vp ^ k((T)) 
is given by: 

fc((z)) -» fc((T)) 

z 1 — ^ r"«(r) _1 

and the graph is the morphism induced by: 

In order to compute explicit equations for Tiiggs^ , BA-functions will 
be thought as mere functions on V p , that is, as polynomials on T with 
coefficients in k{{z)). In this fashion, we set: 

n—l 

(5.4) * w = ^* w (t)T i , 9 w (i)€k((z)) 



i=0 
n-1 



(5.5) 

Let (.E, (/?, 



i=0 



be a rational point of TCiggs^ and 

P0(T) = T n - aiT™- 1 + • • • + (-l) n a„ G A(k) 

its formal characteristic polynomial. Newton-Girard identities (see [7]) ex- 
press Tr(T k ) in terms of o« = Tr(A*T) as follows: 



(5.6) 



Tr(T fc ) 



ai 10- 
2a2 a\ 10 



ei 



G k((z)) 



\fk > 



where = for k > n. 

Consider now the following stratification of TCiggs^ into connected com- 
ponents: 

Higga<$ = Y[Higg S %(n) 

n 

where r hLiggs c ^{n) denotes the connected component of Tiiggs'x for which 
the spectral cover ir: — > X is ramified with partition numbers n = 

(ni, . . . ,n r ) (where n\ H \-n r = n), that is to say, tt~ 1 (x) = n\y\ + ■ •• + 

n r y r . Note that this stratification is induced by the decomposition of the 
characteristic polynomial into irreducible factors. 
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We will write TLiggs^{n) for the connected componet on which the spec- 
tral cover is totally ramified (n^ 1 (x) = ny). 

Theorem 5.23. Let (W,p(T)) be a rational point o/WfxA. Then, (W,p(T)) 
lies on the image ofTtiggsx(n) x A if and only if p(T) is irreducible 

and: 

2n-2 , 

£ J2 Res z=0 ^* w mn-^w(j)Ti(T k - 1 ))-^ = 

k=0 i+j=k 

Proof. Using the expressions 15.21 15.31 remark 15.151 and theorem 15.221 we get 
that (W,p(T)) lies in the image of Higgs c ^ ,n (k) » U^(k) x A(k) if and only 
if: 

(5.7) T 2 (T ■ T- 1+m ■ iP*w(T, t n ), T- 1 -" 1 • ^-r (z, t) ■ tpw{T, t n ) • z"^) = 

In order to make this formula explicit, observe that the fc-algebra structure 
in V p is nothing but the standard polynomial multiplication mod p(T). So 
using the polynomial expressions 15 . 4 \ \5 . 5 1 and the definition of T 2 (see section 
I5.2.1|) . the equation 15.71 becomes: 

2n-2 

(5.8) Res 2=0 (Tr( £ ^wi^n-^wU)^- 1 z^dz = 

k=0 i+j=k 

Bearing in mind that the trace map is fc((z))-linear and the linearity of Res 
we get the result. □ 

Remark 5.24. These techniques can also be used to give a different way of 
computing the equations for the connected component Higgs^(l, . . . , 1) (on 
which the spectral cover is not ramified) treated on [6]. 
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